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CHERN FORMS OF HOLOMORPHIC FINSLER VECTOR BUNDLES AND
SOME APPLICATIONS
HUITAO FENG1, KEFENG LIU2, AND XUEYUAN WAN3
Abstract. In this paper, we present two kinds of total Chern forms c(E,G) and C(E,G) as
well as a total Segre form s(E,G) of a holomorphic Finsler vector bundle pi : (E,G) → M
expressed by the Finsler metric G, which answers a question of J. Faran ([10]) to some extent.
As some applications, we show that the signed Segre forms (−1)ksk(E,G) are positive (k, k)-
forms on M when G is of positive Kobayashi curvature; we prove, under an extra assumption,
that a Finsler-Einstein vector bundle in the sense of Kobayashi is semi-stable; we introduce a
new definition of a flat Finsler metric, which is weaker than Aikou’s one ([3]) and prove that
a holomorphic vector bundle is Finsler flat in our sense if and only if it is Hermitian flat.
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0. Introduction
Let M be a complex manifold and let π : E →M be a holomorphic vector bundle. A Finsler
metric G on E is a continuous function G : E → R satisfying the following conditions:
F1): G is smooth on Eo = E \O, where O denotes the zero section of E;
F2): G(z, v) ≥ 0 for all (z, v) ∈ E with z ∈ M and v ∈ π−1(z), and G(z, v) = 0 if and
only if v = 0;
F3): G(z, λv) = |λ|2G(z, v) for all λ ∈ C.
A holomorphic vector bundle E with a complex Finsler metric G is called a holomorphic
Finsler vector bundle. In applications, one often requires that G is strongly pseudo-convex,
that is,
F4): the Levi form
√−1∂∂¯G on Eo is positive-definite along fibres Ez = π−1(z) for
z ∈M .
1 Partially supported by NSFC (Grant No. 11221091, 11271062).
3 Partially supported by NSFC (Grant No. 11221091) and the Ph.D. Candidate Research Innovation Fund
of Nankai University.
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Clearly, any Hermitian metric on E is naturally a strongly pseudo-convex complex Finsler
metric on it. Note that there is also a concept of complex Finsler vector bundle over a smooth
manifold, but we will not discuss this topic in this paper.
A most notable feature of a Finsler metric G on E is the homogeneous condition F3), by
which, the Levi form
√−1∂∂¯G can be viewed naturally as a real (1, 1)-form on total space Eo
of the fibration π : Eo →M . Moreover, if G is strongly pseudo-convex, then by F4), the Levi
form
√−1∂∂¯G induces naturally Hermitian metrics, which is simply denoted by hG, on the
pull-back bundle π∗E as well as the tautological line bundle OP (E)(−1) over the projectivized
space P (E) of E (cf. [16], [17]). Different from the Hermitian case, here the induced metrics
hG on π∗E and OP (E)(−1) depends on the points in the fibres P (Ez), z ∈M .
Essentially, the geometry of holomorphic Finsler vector bundles can be considered as an im-
portant part of Hermitian geometry, and is closely related to the study of algebraic geometry.
Note that OP (E)(−1) can be obtained from E by blowing up the zero section of E to P (E), the
manifold OP (E)(−1)\O is biholomorphic to Eo. From this Kobayashi pointed out explicitly in
[16] there is a one to one correspondence G↔ hG, which we will call the Kobayashi correspon-
dence, between the complex Finsler metrics on E and the Hermitian metrics on OP (E)(−1).
Starting from this important observation, S. Kobayashi in [16] obtained an equivalent charac-
terization of the ampleness in algebraic geometry by using a special curvature of a strongly
pseudo-convex Finsler metric. This characterization gives a way to study the ampleness, pos-
itivity, (semi-)stability of holomorphic vector bundles from the point view of complex Finsler
geometry.
Through this paper we always assume that M is a closed complex manifold of dimension n
and π : E → M a holomorphic vector bundle of rank r, and the Finsler metrics involved are
strongly pseudo-convex.
In this paper we mainly aim to construct Chern forms and Segre forms of a holomorphic
Finsler vector bundle π : (E,G)→M by using the Finsler metric G on E and to explore some
applications of these differential forms.
For readers convenience, we will give a brief review of basic definitions, notations and facts
in the geometry of holomorphic Finsler vector bundles in Section 1. Especially, we recall a kind
of curvature Ψ of a holomorphic Finsler metric first introduced by S. Kobayashi in an explicit
way in [16], which we will call the Kobayashi curvature. The Kobayashi curvature Ψ plays a
very important role in many aspects in the geometry of holomorphic Finsler vector bundles.
In Section 2 we begin with the study of J. Faran’s following question (cf. [10]) :
Is it possible to define Chern forms of a holomorphic vector bundle using complex Finsler
structures?
Our approach follows the usual way to deal with Chern classes in Hermitian geometry,
that is, to work with the tautological line bundle OP (E)(−1) over P (E). More precisely, let
OP (E)(1) denote the dual line bundle of OP (E)(−1) and let Ξ = c1(OP (E)(1), (hG)−1) denote
the first Chern form of (OP (E)(1), (hG)−1). The key point here is to make use of the closed
(r − 1, r − 1)-form Ξr−1 to push-down closed forms on P (E) to ones on M . In the process,
the form Ξr−1 serves as a “Thom form” of the holomorphic fibration π : P (E) → M . In this
way, we obtain two kinds of total Chern forms c(E,G) and C(E,G) as well as a total Segre
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form s(E,G) of (E,G) expressed by the Finsler metric G on E. Moreover, we also get a Bott-
Chern transgression term between these two kinds of total Chern forms. Here we mention a
related work [15], in which C. Ida defined a kind of horizontal Chern forms by using a partial
connection on the vertical tangent bundle of P (E) → M . Note that these forms are defined
on the total space P (E) and the relationship with the classical Chern forms is not clear yet,
as the author pointed out in his paper. As an application of Chern forms and Segre forms
constructed in this section, we show that the signed Segre forms (−1)ksk(E,G) are positive
(k, k)-forms on M when G has the positive Kobayashi curvature. There are lots works in this
direction. For examples, in [7], S. Bloch and D. Gieseker proved that all Chern classes of an
ample vector bundle E are numerically positive, that is, the paring 〈ck(E), [N ]〉 > 0 for any
subvariety N in M . W. Fulton and R. Lazarsfeld [11] generalized this result of Bloch and
Gieseker and proved that all the Schur polynomials in the Chern classes of an ample bundle
E are numerically positive, which solved a related conjecture of Griffith. Note that the signed
Segre classes are particular Schur polynomials in the Chern classes, so all signed Segre classes
are also numerically positive. In [12], Guler showed that if (E, h) is Griffiths positive, then
the signed Segre forms (−1)ksk(E, h) are positive (k, k)-forms for k = 1, · · · , n. To give a pure
differential geometric proof of Fulton-Lazarsfeld’s result is still an interesting question.
The semi-stability of a holomorphic vector bundle is an algebro-geometric concept. For
a holomorphic vector bundle over a Ka¨hler manifold, Kobayashi [17] introduced a notion of
Finsler-Einstein metric and asked that whether a Finsler-Einstein vector bundle is semi-stable
or not. In Section 3, by using the first Chern form C1(E,G), we prove, under an extra assump-
tion, that a Finsler-Einsler vector bundle in the sense of Kobayashi is semi-stable. Note that
in [21], Sun discussed some properties of “Finsler-Einstein” vector bundles in the sense of T.
Aikou. However, Aikou’s definition seems to be too strong for application. In this section we
also prove a Kobayashi-Lu¨bke type inequality related to Chern forms C1(E,G) and C2(E,G)
of a Finsler-Einstein vector bundle (E,G), which generalizes a recent result of Diverio in the
Hermitian case.
By using a partial connection, Aikou [2], [3] introduced a notion of flatness for a holomorphic
Finsler vector bundle and proved that a holomorphic vector bundle is Finsler flat in his sense
if and only if it is Hermitian flat. In our opinion, Aikou’s definition is too strong for use. In
Section 4, we will give a new definition of a flat Finsler vector bundle based on the Kobayashi
curvature. Moreover, by making use of a result of B. Berndtsson in [4] and the first Chern form
C1(E,G), we prove that a holomorphic vector bundle is Finsler flat in our sense if and only if
it admits a flat Hermitian metriic.
Acknowledgement: The first author would like to thank Professor Weiping Zhang in Chern
Institute of Math., Nankai Univ. for the encouragement on his study of Finsler geometry.
1. Notations and some basic facts
In this section, to make this paper easy to read, we fix some notations and recall some basic
definitions and facts used in this paper. For more detail we refer to references [1], [3], [8], [13],
[16] and [17].
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Let z = (z1, · · · , zn) be a local coordinate system in M , and let v = (v1, · · · , vr) be the fibre
coordinate system defined by a local holomorphic frame s = {s1, · · · , sr} of E. We write
Gi = ∂G/∂v
i, Gj¯ = ∂G/∂v¯
j , Gij¯ = ∂
2G/∂vi∂v¯j ,(1.1)
Giα = ∂
2G/∂vi∂zα, Gij¯β¯ = ∂
3G/∂vi∂v¯j∂z¯β, etc.,(1.2)
to denote the differentiation with respect to vi, v¯j (1 ≤ i, j ≤ r), zα, z¯β (1 ≤ α, β ≤ n). In the
following lemma we collect some useful identities related to a Finsler metric G, in which we
adopt the summation convention of Einstein. For a proof we refer to Kobayashi [17].
Lemma 1.1. (cf. [17]) The following identities hold for any (z, v) ∈ Eo, λ ∈ C:
Gi(z, λv) = λ¯Gi(z, v), Gij¯(z, λv) = Gij¯(z, v) = G¯ji¯(z, v);(1.3)
Gi(z, v)v
i = Gj¯(z, v)v¯
j = Gij¯(z, v)v
iv¯j = G(z, v);(1.4)
Gij(z, v)v
i = Gij¯k(z, v)v
i = Gij¯k¯(z, v)v¯
j = 0.(1.5)
Now when restricted to the fiber Eoz = π
−1(z) of π : Eo →M , the Levi form can be written
as
i∗z
(√−1∂∂¯G) = √−1Gij¯(z, v)dvidv¯j ,(1.6)
where iz : E
o
z →֒ Eo is the natural inclusion. Clearly, by the condition F4) the Hermitian
matrices
(
Gij¯(z, v)
)
is positive definite and actually defines an Hermitian metric hG on the
pull-back bundle p : π∗E → Eo. From Lemma 1.1 (1.3), the data (Gij¯(z, v)) can be viewed
naturally as the data defined on P (E). Hence hG is actually an Hermitian metric on the
pull-back bundle p : π∗E → P (E). Also, as a subbundle of π∗E, the tautological line bundle
OP (E)(−1) = {((z, [v]), Z)|Z = λv, λ ∈ C}(1.7)
inherits an Hermitian metric from hG on π∗E, which is still denoted by hG. One verifies easily
that hG(Z,Z) = G(Z) for any Z ∈ OP (E)(−1). Let ∇pi∗E denote the Chern connection on the
holomorphic vector bundle p : (π∗E, hG) → Eo. With respect to the local holomorphic frame
s = {s1, · · · , sr} of π∗E, where we abuse the notation sk to denote the sections of π∗E, then
the Chern connection (1, 0)-forms θki are given by
∇pi∗Esi = θki ⊗ sk, θki = (∂Gij¯)Gj¯k = Γkiαdzα + γkildvl,(1.8)
Γkiα =
∂Gij¯
∂zα
Gj¯k, γkil =
∂Gij¯
∂vl
Gj¯k,(1.9)
where (Gj¯k) denote the inverse of the matrix (Gij¯). From Lemma 1.1, one sees that
Γkiα(z, λv) = Γ
k
iα(z, v), γ
k
il(z, v)v
i = γkil(z, v)v
l = 0.(1.10)
When G is induced from an Hermitian metric on E, the data γkil vanish and Γ
k
iα descend to the
base manifold M .
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By using the Chern connection∇pi∗E one gets a smooth h-v decomposition of the holomorphic
tangent vector bundle TEo of Eo (cf. [8], Sect.5):
TEo = H⊕ V,(1.11)
where V is called the vertical subbundle of TEo defined by
V = ker(p∗ : TEo → TM),(1.12)
and H is called the horizontal subbundle of of TEo defined by
H = ker(∇pi∗E• P : TEo → π∗E),(1.13)
where P is the tautological section of the bundle p : π∗E → E0 defined by P (z, v) = v. Clearly,
the vertical subbundle V is holomorphically isomorphic to π∗E canonically, while the horizontal
subbundle H is isomorphic to π∗TM → Eo smoothly. In local coordinates, one has
H = spanC
{
δ
δzα
=
∂
∂zα
− Γkjαvj
∂
∂vk
, 1 ≤ α ≤ n
}
, V = spanC
{
∂
∂vi
, 1 ≤ i ≤ r
}
.(1.14)
Moreover, the dual bundle T ∗Eo also has a smooth h-v decomposition T ∗Eo = H∗ ⊕ V∗ with
H∗ = spanC {dzα, 1 ≤ α ≤ n} , V∗ = spanC
{
δvk = dvk + Γkjαv
jdzα, 1 ≤ i ≤ r
}
.(1.15)
From (1.10), the natural action of the group C∗ on Eo preserves the horizontal subbundle H.
As a result, the quotient map q : Eo → P (E) = Eo/C∗ induces a smooth h-v decompositions
of TP (E) and T ∗P (E)
TP (E) = H˜ ⊕ V˜ , T ∗P (E) = H˜∗ ⊕ V˜∗,(1.16)
where
H˜ = q∗H, V˜ = q∗V.(1.17)
By using the h-v decompositions above, one sees that
ωFS =
√−1
2π
∂2 logG
∂vi∂v¯j
δvi ∧ δv¯j(1.18)
is a well-defined (1, 1)-form on Eo. Note that ωFS is actually a vertical (1, 1)-form on P (E)
and when restricted to each fibre of the fibration π : P (E)→M , gives a Ka¨hler metric on the
fibre. Let Rpi
∗E denote the curvature of ∇pi∗E. With respect to the local holomorphic frame
s = {s1, · · · , sr}, the Chern curvature (1, 1)-forms are given by
Rpi
∗Esi = Θ
k
i ⊗ sk, Θki = dθki − θli ∧ θki = ∂¯θkl .(1.19)
Set
Ψ =
√−1h
G(Rpi
∗EP,P )
hG(P,P )
.(1.20)
Clearly, Ψ is a well-defined real (1, 1)-form on Eo. Moreover, in local coordinate systems
(zα, vi), Ψ can be written as (cf. [16], [17], page 149)
Ψ =
√−1Kij¯αβ¯
viv¯j
G
dzα ∧ dz¯β , Kij¯αβ¯ = −Gij¯αβ¯ +Gkl¯Gil¯αGkj¯β¯,(1.21)
6 Huitao Feng, Kefeng Liu and Xueyuan Wan
From (1.21) one sees easily that Ψ is actually a horizontal (1, 1)-form defined on P (E). We
note that when G comes from a Hermitian metric h on E, then the form Ψ descends to M and
is just the holomorphic bisectional curvature of h.
Definition 1.2. The form Ψ defined by (1.20) is called the Kobayashi curvature of the holo-
morphic Finsler vector bundle (E,G). A strongly pseudo-convex complex Finsler metric G is
said to be of positive (resp. negative) Kobayashi curvature if for any nonzero horizontal vectors
X ∈ H, one has
−√−1Ψ(X, X¯) > 0 (resp. < 0),(1.22)
or equivalently, the matrix (Kij¯αβ¯v
iv¯j) is positive (resp. negative)-definite on Eo.
Now consider the hyperplane line bundle (OP (E)(1), which is the dual of OP (E)(−1) with
the dual metric (hG)−1. Then ∂∂¯ logG gives the curvature of (hG)−1 and
Ξ := c1(OP (E)(1), (hG)−1) =
√−1
2π
∂∂¯ logG.(1.23)
is the first Chern form associated to the metric (hG)−1.
For readers’ convenience, we give a proof of the following very important lemma due to
Kobayashi and Aikou (cf. [16], [17], [3]).
Lemma 1.3. (Kobayashi, Aikou) Let π : E → M be a holomorphic vector bundle with a
strongly pseudo-convex complex Finsler metric G. Then
Ξ = c1(OP (E)(1), (hG)−1) = −
1
2π
Ψ+ ωFS.(1.24)
Proof. We do computations by using the definitions (1.9) and (1.15):
∂2 logG
∂vj∂v¯k
δvj ∧ δv¯k = ∂
2 logG
∂vj∂v¯k
dvj ∧ dv¯k + ∂
2 logG
∂vj∂v¯k
Γjlαv
ldzα ∧ dv¯k
+
∂2 logG
∂vj∂v¯k
Γksβv
sdvj ∧ dz¯β + ∂
2 logG
∂vj∂v¯k
Γjlαv
lΓksβv
sdzα ∧ dz¯β ,
and
∂2 logG
∂vj∂v¯k
Γjlαv
l =
GGjk¯ −GjGk¯
G2
Gh¯αG
h¯j =
∂2 logG
∂zα∂v¯k
,
∂2 logG
∂vj∂v¯k
Γksβv
s =
∂2 logG
∂vk∂v¯j
Γksβv
s =
∂2 logG
∂z¯β∂vj
,
∂2 logG
∂vj∂v¯k
Γjlαv
lΓksβv
s =
1
G2
(GGk¯αGhβ¯G
k¯h −GαGβ).
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Thus by (1.21), one gets
∂∂¯ logG− ∂
2 logG
∂vj∂v¯k
δvj ∧ δv¯k
= [
1
G2
(GGαβ¯ −GαGβ)−
1
G2
(GGk¯αGhβ¯G
k¯h −GαGβ)]dzα ∧ dz¯β
=
1
G
(Gαβ¯ −Gk¯αGhβ¯Gk¯h)dzα ∧ dz¯β
= −Kij¯αβ¯
viv¯j
G
dzα ∧ dz¯β = √−1Ψ.

When the strongly pseudo-convex Finsler metric G is of negative Kobayashi curvature, then
by (1.24) the first Chern form Ξ = c1(OP (E)(1), (hG)−1) is a closed positive (1, 1)-from on
P (E), which gives a Ka¨hler form on P (E). So in this case P (E) is a Ka¨helr manifold with the
Ka¨hler form Ξ.
We recall that a holomorphic vector bundle E → M over a closed complex manifold M is
ample in the sense of Hartshorne (cf. [14]) if and only if there is an Hermitian metric h on
OP (E∗)(1) such that the first Chern form c1(OP (E∗)(1), h) is positive. From this equivalent
characterization of the ampleness of E and Lemma 1.3, one has the following Kobayashi’s
characterization of the ampleness (cf. [16]):
Theorem 1.4. (Kobayashi,1975) A holomorphic vector bundle E →M over a closed complex
manifold M is ample in the sense of Hartshorn if and only if there exists a Finsler metric G
on the dual bundle E∗ of E with negative Kobayashi curvature.
2. Segre forms and Chern forms from Finsler metrics
In this section, we give two kinds of Chern forms ck(E,G) and Ck(E,G) as well as Segre
forms sk(E,G) of a holomorphic Finsler vector bundle (E,G), which are closed (k, k)-forms on
M expressed by the strongly pseudo-convex complex Finsler metric G and represent the Chern
classes ck(E) and Segre classes sj(E) of E, respectively, where 0 ≤ k ≤ r, 0 ≤ j ≤ n, and work
out a Bott-Chern transgression term of C(E,G) and c(E,G). So to some extent, we answer
Faran’s question mentioned in the introduction of this paper. As an application, we will show
that the signed Segre forms sk(E,G) are positive (k, k) forms on M for the positive Finsler
metric G.
As in the introduction of this paper, we denote c1(OP (E)(1), (hG)−1) by Ξ, which is a closed
(1, 1)-form on P (E). From the following well-known isomorphism (cf. [6], §21)
T (P (E)/M) ∼=
(
p∗E/OP (E)(−1)
)⊗OP (E)(1)),(2.1)
where T (P (E)/M) denote the vertical tangent bundle (or relative tangent bundle) of the fi-
bration π : P (E)→M , one gets for any z ∈M that
ri∗zc1(OP (E)(1))r−1 = cr−1(P (Ez)) = e(P (Ez)),(2.2)
where iz : P (Ez) →֒ P (E) is the natural inclusion. As a result, one has
8 Huitao Feng, Kefeng Liu and Xueyuan Wan
Lemma 2.1. Ξr−1 is a closed (r − 1, r − 1)-form on P (E), and for any z ∈M ,∫
P (Ez)
i∗zΞ
r−1 = 1.(2.3)
So Ξr−1 serves as a “Thom form” on P (E) and helps to push-down closed forms on P (E)
to ones on M .
By the standard Chern-Weil theory (cf. [22]), the total Chern form c(π∗E, hG) of (π∗E, hG)
defined by
c(π∗E, hG) = det
(
I +
√−1
2π
Rpi
∗E
)
∈
r⊕
k=0
A(k,k)(P (E))(2.4)
is a closed form on P (E) and represents the total Chern class of π∗E. Let ck(π
∗E, hG) denote
the (k, k)-part in c(π∗E, hE), which is the kth Chern forms of (π∗E, hG) and represents the kth
Chern class of E for 0 ≤ k ≤ r.
Now by using Ξr−1, we can define the following Chern forms ck(E,G) and total Chern form
c(E,G) by
ck(E,G) =
∫
P (E)/M
ck(π
∗E, hG)Ξr−1, c(E,G) =
r∑
k=0
ck(E,G).(2.5)
Lemma 2.2. For each k, 0 ≤ k ≤ r, the Chern form ck(E,G) is a closed (k, k)-form on M
and represents the kth Chern class ck(E) of E.
Proof. Giving any Hermitian metric h on E, we compute explicitly the transgression term of
the total Chern form c(E,G) and π∗c(E, h). Note that
π∗c(E, h) = c(π∗E, π∗h) = det
(
I +
√−1
2π
π∗RE
)
,(2.6)
where RE denote the curvature of the Chern connection ∇E determined by the Hermitian
metric h on E. Now consider the family of Hermitian metrics ht = tπ
∗h+ (1− t)hG, 0 ≤ t ≤ 1
on π∗E. Let ∇t be the Chern connection on π∗E associated to the metric ht and let Rt denote
the curvature of ∇t. Then by [5], Proposition 3.28, one has
c(π∗E, hG)− π∗c(E, h) = c(π∗E, hG)− c(π∗E, π∗h) = ∂∂¯ξ,(2.7)
where
ξ =
∫ 1
0
r∑
i=1
Det(I +
√−1
2π
Rt, · · · ,
√−1
2π
L˙t, · · · , I +
√−1
2π
Rt)dt.(2.8)
where Det, the polarization of det, is the symmetric r-linear form on Ω(P (E),End(π∗E)),
whose restriction on the diagonal is det; and L˙t = (dht/dt)h
−1
t . Set
ξ˜ =
∫
P (E)/M
ξ ∧ Ξr−1.(2.9)
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One has from (2.5), (2.7) and Lemma 2.1,
c(E,G) − c(E, h) =
∫
P (E)/M
c(π∗E, hG)Ξr−1 −
∫
P (E)/M
π∗c(E, h)Ξr−1
=
∫
P (E)/M
(
c(π∗E, hG)− c(π∗E, π∗h))Ξr−1
=
∫
P (E)/M
(∂∂¯ξ)Ξr−1 =
∫
P (E)/M
∂∂¯(ξΞr−1)
= ∂∂¯
∫
P (E)/M
ξΞr−1 = ∂∂¯ξ˜.
Now from the equality
c(E,G) = c(E, h) + ∂∂¯ξ˜ ∈
r⊕
k=0
A(k,k)(M),(2.10)
one sees easily that total Chern form c(E,G) and the Chern forms ck(E,G) are closed froms
on M and represent the total Chern class c(E) and ck(E), respectively. 
In the following, we will give another kind of Chern forms expressed by Finsler metrics
through the so-called Segre forms. Topologically, Segre classes sj(E) of E, as the cohomology
classes in H∗(M,Z), are defined as the direct image π∗c1(OP (E)(1))r−1+j of the powers of the
first Chern class of OP (E)(1). The total Segre class s(E) of E is defined by
s(E) = 1 + s1(E) + · · ·+ sn(E).(2.11)
A well-known relation between Chern classes and Segre classes of E is
c(E) = s(E)−1,(2.12)
which can also be viewed as a definition of Chern classes. Motivated by this, people define the
following Segre forms sj(E, h) ∈ A(j,j)(M) of E by using an Hermitian metric h on E (cf. [9],
[12], [20]):
sj(E, h) =
∫
P (E)/M
c1(OP (E)(1), h)r−1+j , s(E, h) =
n∑
j=0
sj(E, h).(2.13)
Moreover, at the differential form level, it holds that (cf. [9], [12], [20]),
c(E, h) = s(E, h)−1.(2.14)
For simplicity, we also denote the integral
∫
P (E)/M φ of a differential form φ on P (E) along
fibres simply by π∗φ.
In Finsler case, we define the following Segre forms sj(E,G) and another total Chern form
C(E,G) of (E,G):
sj(E,G) := π∗Ξ
r−1+j, s(E,G) =
n∑
j=0
sj(E,G), C(E,G) = s(E,G)−1.(2.15)
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One see easily
C1(E,G) = −s1(E,G), C2(E,G) = s1(E,G)2 − s2(E,G),
C3(E,G) = −s3(E,G)3 + 2s1(E,G)s2(E,G) − s3(E,G), etc.
(2.16)
Lemma 2.3. For each k, 0 ≤ k ≤ r, the Chern form Ck(E,G) is a closed (k, k)-form on M
and represents the kth Chern form ck(E) of E.
Proof. Giving any Hermitian metric h on E, we compute explicitly the transgression term of
the Chern form C(E,G) and π∗c(E, h). Set
ϕ =
√−1
2π
log
hG
h
.(2.17)
Clearly, ϕ is a smooth function on P (E). An easy computation shows
Ξ− c1(OP (E)(1), h−1) = ∂∂¯ϕ.(2.18)
So
sj(E,G) =π∗Ξ
r−1+j = π∗
(
c1(OP (E)(1), h−1) + ∂∂¯ϕ
)r−1+j
= sj(E, h) + ∂∂¯ηj ,(2.19)
where
ηj = π∗
(
ϕ
r−1+j∑
i=1
(
r − 1 + j
i
)
c1(OP (E)(1), h−1)r−1+j−i(∂∂¯ϕ)i−1
)
.(2.20)
Therefore, the total Chern form C(E,G) is
C(E,G) =

 n∑
j=0
sj(E,G)


−1
=

1 + n∑
j=1
(sj(E, h) + ∂∂¯ηj)


−1
= 1 +
n∑
i=1
(−1)i

 n∑
j=1
sj(E, h) + ∂∂¯η


i
= 1 +
n∑
i=1
(−1)i

 n∑
j=1
(sj(E, h)


i
+ ∂∂¯η˜
= s(E, h)−1 + ∂∂¯η˜ = c(E, h) + ∂∂¯η˜
= c(E,G) + ∂∂¯(η˜ − ξ˜),
where the last two equalities come from (2.14) and (2.10), and
η =
n∑
i=1
ηj, η˜ = η
n∑
i=1
i∑
l=1
(−1)i
(
i
l
) n∑
j=1
sj(E, h)


i−l
(∂∂¯η)l−1.(2.21)
Now the lemma follows from Lemma 2.2 and the equality c(E,G) = C(E,G) + ∂∂¯(η˜ − ξ˜). 
As a consequence, by a well-known fact in complex geometry (cf. [5]), we can express the
Euler characteristic χ(M) of M by these two kinds of Chern forms.
Chern forms of holomorphic Finsler vector bundles and some applications 11
Corollary 2.4. Let M be a closed complex manifold of dimension n. Let G be a strongly
pseudo-convex complex Finsler metric on the holomorphic tangent vector bundle TM of M .
Then
χ(M) =
∫
M
cn(TM,G) =
∫
M
Cn(TM,G).
Remark 2.5. In some sense, the above corollary can be viewed as a Gauss-Bonnet-Chern
formula in the complex Finsler geometry setting. On the other hand, we can do all things in
this section similarly for complex Finsler vector bundles over a closed smooth manifold. As a
result, we can also deduce a Gauss-Bonnet-Chern-type formula for an almost complex manifold
with a strongly pseudo-convex complex Finsler metric on the tangent vector bundle TM of M ,
here TM is viewed as a complex vector bundle. The defect in it is that the metric-preserving
connection is not unique as in the holomorphic case.
We denote the form ξ˜− η˜ by c˜(E,G;h), which is a Bott-Chern transgression term of c(E,G)
and C(E,G). Let c˜k(E,G;h) denote the (k, k)-part in c˜(E,G;h). Clearly, one has
ck(E,G) − Ck(E,G) = ∂∂¯c˜k−1(E,G;h), c˜(E,G;h) =
r−1∑
k=0
c˜k(E,G;h).(2.22)
Example 2.6. As an example, we write down the following Bott-Chern transgression term
c˜0(E,G;h) by using formulas (2.8), (2.9) and (2.21):
c˜0(E,G;h) =
√−1
2π
∫
P (E)/M
(
log
G
h
r−1∑
i=0
(
√−1
2π
∂∂¯ logG)i(
√−1
2π
∂∂¯ log h)r−1−i
− log det(Gij¯)
det(hij¯)
(
√−1
2π
∂∂¯ logG)r−1
)
.
(2.23)
Remark 2.7. Note that ξ˜, η˜ depend on the choice of the Hermitian metric h on E and it looks
that the Bott-Chern form c˜(E,G;h) also depends on h. We do not know whether it holds that
c(E,G) = C(E,G) as the Hermitian case (2.14). However, by averaging the induced Hermitian
metric hG alone the fibres of P (E), one gets a Hermitian metric h(G) on E; then by using
this metric, one gets a Bott-Chern transgression term c˜(E,G;h(G)), which only depends on G
itself.
In the following, we will prove the positivity of the signed Segre forms (−1)ksk(E,G) for a
Finsler metric G on E with positive Kobayashi curvature.
We recall firstly that a smooth (p, p)-form φ on a complex manifold N is positive if for any
x ∈ N and any linearly independent (1, 0) type tangent vectors v1, v2, · · · , vp at x, it holds that
(−√−1)p2φ(v1, v2, · · · , vp, v¯1, v¯2, · · · , v¯p) > 0.(2.24)
Theorem 2.8. If E admits a Finsler metric G of the positive (resp. negative) Kobayashi
curvature, then the signed Segre form (−1)ksk(E,G) (resp. the Segre forms sk(E,G)) are
positive (k, k)-forms for 0 ≤ k ≤ n.
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Proof. We only prove the lemma for the positive Kobayashi curvature case, the proof of the
other case is the same. In this case, for any (z0, [v0] ∈ P (E), there exists a basis {ψ1, · · · , ψn}
for H˜∗|(z0,[v0]) such that
Ψ =
√−1
n∑
α=1
ψα ∧ ψ¯α,(2.25)
and so for k ≥ 1,
(−√−1)k2Ψk = k!
∑
1≤α1<···<αk≤n
ψα1 ∧ · · · ∧ ψαk ∧ ψ¯α1 ∧ · · · ∧ ψ¯αk .(2.26)
Hence for any independent vectors X1, · · · ,Xk ∈ (q∗H)∗|(z0,[v0]), one has
(−√−1)k2Ψk(X1, · · · ,Xk, X¯1, · · · ,Xk)
= k!
∑
1≤α1<···<αk≤n
ψα1 ∧ · · · ∧ ψαk ∧ ψ¯α1 ∧ · · · ∧ ψ¯αk(X1, · · · ,Xk, X¯1, · · · ,Xk)
= k!
∑
1≤α1<···<αk≤n
|ψα1 ∧ · · · ∧ ψαk(X1, · · · ,Xk)|2 > 0.
(2.27)
On the other hand, from (2.15) and (1.24), one gets
(−1)ksk(E,G) = 1
(2π)k
(
r − 1 + k
k
)∫
P (E)/M
Ψkωr−1FS .(2.28)
For any z0 ∈ M and any linearly independent (1, 0)-type tangent vectors Y1, · · · , Yk in Tz0M ,
one has
(−√−1)k2(−1)ksk(E,G)(Y1, · · · , Yk, Y¯1, · · · , Y¯k)
=
1
(2π)k
(
r − 1 + k
k
)∫
P (Ez0)
(−√−1)k2Ψk(Y h1 , · · · , Y hk , Y¯ h1 , · · · , Y¯ hk )i∗z0ωr−1FS ,
where Y h denote the horizontal lifting along the fibre P (Ez0) of a vector Y ∈ Tz0M , and
iz0 : P (Ez0) →֒ P (E) is the inclusion map. Now the theorem follows from that the smooth
function
(−√−1)k2Ψk(Y h1 , · · · , Y hk , Y¯ h1 , · · · , Y¯ hk )
on P (Ez0) is positive everywhere. 
Corollary 2.9. If E is ample, then the signed Segre classes (−1)ksk(E) of E can be represented
by a positive (k, k) form. In particular, c1(E) can be represented by a positive (1, 1) form.
Proof. If E ample, then E∗ admits a Finsler metric G of the negative Kobayashi curvature. By
Theorem 2.8, sk(E
∗) can be represented by the positive (k, k)-form sk(E
∗, G). Since sk(E) =
(−1)ksk(E∗), the signed Segre classes (−1)ksk(E) can be represented by the positive (k, k)-
form sk(E
∗, G). Note that c1(E) = −s1(E), so it can be represented by the positive (1, 1)-form
on M . 
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3. The semi-stability of a Finsler-Einstein vector bundle
In this section, we discuss some properties of Finsler-Einsler vector bundles in the sense of
Kobayashi. By using the first Chern form C1(E,G) given in the last section, we will show,
under an extra assumption, that a holomorphic vector bundle with a Finsler-Einsler metric G
is semi-stable. Moreover, we prove a Kobayashi-Lu¨bke type inequality related to the Chern
forms C1(E,G) and C2(E,G) of a Finsler-Einstein vector bundle (E,G), which generalizes a
recent result of Diverio ([9] in Hermitian case.
We first recall Kobayashi’s definition of a Finsler-Einstein metric.
Definition 3.1. (cf. [17]) Let (M,ω) be a Hermitian manifold with the Ka¨hler form ω =√−1gαβ¯dzα ∧ dz¯β . Let E be a holomorphic vector bundle over M . A strongly pseudo-convex
Finsler metric G on E is said to be Finsler-Einstein if there exists some constant λ such that
trωΨ := g
αβ¯Kij¯αβ¯
viv¯j
G
= λ,(3.1)
where Ψ is the Kobayashi curvature of G.
Recall that locally, Ψ is written as (cf. (1.21))
Ψ =
√−1Kij¯αβ¯
viv¯j
G
dzα ∧ dz¯β .
Remark 3.2. If the Finsler metric G comes from an Hermitian metric, then Kij¯αβ¯ is indepen-
dent of the fiber and (3.1) gives
gαβ¯Kij¯αβ¯v
iv¯j = λG.(3.2)
Differentiating both sides of (3.2) with respect to vi, we have
gαβ¯Kij¯αβ¯ = λGαβ¯ .(3.3)
So
gαβ¯Kijαβ¯ = λδ
i
j ,(3.4)
i.e., G is an Hermitian-Einstein metric.
Now we assume that M is a Ka¨hler manifold with a closed Ka¨hler form ω. By Lemma 1.3
and (2.15), (2.16), one has
C1(E,G) = r
2π
∫
P (E)/M
Ψ ∧ ωr−1FS .(3.5)
Thus by (3.1),
C1(E,G) ∧ ωn−1 = r
2πn
(∫
P (E)/M
trω(Ψ)ω
r−1
FS
)
∧ ωn = λr
2πn
∧ ωn.(3.6)
So
λ = 2π
n∫
M ω
n
∫
M C1(E,G) ∧ ωn−1
r
.(3.7)
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So as in the Hermitian-Einstein case, we also have that λ depends only on the Ka¨hler class [ω]
and the first Chern class c1(E) of E.
For a holomorphic vector bundle E → (M,ω), the degree degω E and the slope µ(E) is
defined respectively by
degω E = 〈c1(E) ∧ [ωn−1], [M ]〉, µ(E) =
degω E
rank(E)
.(3.8)
Given a coherent sheaf F over M , one can get a holomorphic line bundle det(F) over M in
a standard way (cf. [18], page 162). The first Chern class c1(F) of F is defined to be the
first Chern class c1(det(F)) of det(F). Then the degree degω F and the slope µ(F) of F with
respect to ω are defined respectively by
degω F =
∫
M
c1(F) ∧ ωn−1, µ(F) := degω F/rankF .(3.9)
We recall that E is said to be ω-stable (resp. ω-semi-stable) if, for every coherent subsheaf
F of O(E), 0 < rank(F) < rank(E), one has
µ(F) < µ(E) (resp. µ(F) ≤ µ(E)).(3.10)
Lemma 3.3. Let (E,G) → (M,ω) be a Finsler-Einstein vector bundle over a closed Ka¨hler
manifold M with the Ka¨hler form ω. For any holomorphic subbundle E′ ⊂ E of E with
r′ = rank(E′) ≤ r = rank(E), then
µ(E′) ≤ µ(E).(3.11)
Proof. For any holomorphic subbundle E′ ⊂ E of E with r′ = rank(E′) ≤ r = rank(E) and
consider the restricted Finsler metric G|E′ . Locally, for each point p ∈ P (E), we can choose a
local frame {s1, · · · , sr′ , · · · sr} of E such that {s1, · · · , sr′} is a local frame for E′, and a normal
coordinate system near p ∈ P (E′) ⊂ P (E) such that Gij¯α = 0 at p (cf. [16], [17]).
We make the following convention for indices:
1 ≤ A,B, · · · ≤ r, 1 ≤ i, j, k, l ≤ r′ < a, b, c, d ≤ r.
Set
Tij¯αβ¯ = Kij¯αβ¯ −K ′ij¯αβ¯,(3.12)
where Kij¯αβ¯ and K
′
ij¯αβ¯
are defined for G and G|E′ as in (1.21), respectively. Then
Tij¯αβ¯ = Gia¯αG
a¯bGbj¯β¯ +Gia¯αG
a¯kGkj¯β¯.+Gik¯αG
k¯bGbj¯β¯.(3.13)
Moreover, one obtains at p,
gαβ¯Tij¯αβ¯
viv¯j
G
=
1
G
gαβ¯Gba¯(Gia¯αv
i)(Gjb¯βv
j) ≥ 0.(3.14)
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For any v = visi ∈ E′, one has
C1(E′, G|E′) ∧ ωn−1
r′
=
√−1
2π
∫
P (E′)/M
(K ′ij¯αβ¯
viv¯j
G
dzα ∧ dz¯β)ωr′−1FS ∧ ωn−1
=
1
2πn
∫
P (E′)/M
(gαβ¯K ′ij¯αβ¯
viv¯j
G
)ωr
′−1
FS ∧ ωn
=
1
2πn
∫
P (E′)/M
(gαβ¯Kij¯αβ¯
viv¯j
G
)ωr
′−1
FS ∧ ωn −
1
2πn
∫
P (E′)/M
(gαβ¯Tij¯αβ¯
viv¯j
G
)ωr
′−1
FS ∧ ωn
=
λ
2πn
ωn − 1
2πn
∫
P (E′)/M
(gαβ¯Tij¯αβ¯
viv¯j
G
)ωr
′−1
FS ∧ ωn
=
C1(E,G) ∧ ωn−1
r
− 1
2πn
∫
P (E′)/M
(gαβ¯Tij¯αβ¯
viv¯j
G
)ωr−1FS ∧ ωn.
So we have proved that for any holomorphic subbundle E′ of E,
µ(E′) ≤ µ(E).(3.15)

Lemma 3.4. Let (E,G) → (M,ω) be a Finsler-Einstein vector bundle over a closed Ka¨hler
manifold M with the Ka¨hler form ω and let (L, h) be a Hermitian-Einstein line bundle with
respects to ω. Then (E ⊗ L, G˜ = G⊗ h) is also a Finsler-Einstein vector bundle with respects
to ω.
Proof. Clearly, G˜ = G ⊗ h is a complex Finsler metric on E ⊗ L. Note that P (E ⊗ L) is
biholomorphic equivalent to P (E) naturally. Let hG and hG˜ are the induced Hermitian metrics
on π∗E and π∗(E ⊗ L), respectively. Then one has
∂¯
(
(∂hG˜)(hG˜)−1
)
= ∂¯
(
(∂hG)(hG)−1 + ∂ log h
)
= ∂¯((∂hG)(hG)−1) + ∂¯∂ log h.(3.16)
Since E is Finsler-Einstein and L is Hermitian-Einstein, by (3.16) and (3.1), (1.21), the propo-
sition follows. Moreover, If λE⊗L, λE and λL are constants determined by the metric G˜, G and
h, respectively, then one verifies easily that
λE⊗L = λE + λL.(3.17)

From the two lemmas above, we can prove the following
Theorem 3.5. Let E be a Finsler-Einstein vector bundle over a closed Ka¨hler manifold M with
the Ka¨hler form ω. If moreover, for each m with 1 < m < r, ∧mE is also a Finsler-Einstein
vector bundle over (M,ω), then E is ω-semi-stable.
Proof. For any subsheaf F of E = O(E) of rank m < r such that E/F is torsion-free, there is a
non-trivial holomorphic section of the bundle ∧mE ⊗ (detF)∗ (cf. [18], page 178). Note that
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every line bundle admits an Hermitian-Einstein structure, we can choose an Hermitian-Einstein
metric on detF with constant
λ′ =
2nπ · µ(detF)∫
M ω
n
=
2nmπ · µ(F)∫
M ω
n
.
For 1 < m < r, let Gm denote the Finsler-Einstein metric on ∧mE → (M,ω). Then the
corresponding constant λm is given by
λm =
2nπ∫
M ω
n
µ(∧mE)
=
2nπ∫
M ω
n
∫
M c1(∧mE) ∧ ωn−1
rank(∧mE)
=
2nπ∫
M ω
n
∫
M
(
r−1
m−1
)
c1(E) ∧ ωn−1(
r
m
)
=
2nmπ∫
M ω
n
µ(E).
By Lemma 3.4 and (3.17), the vector bundle ∧mE⊗(detF)∗ is a Finsler-Einstein vector bundle
with factor λm − λ′. Since the bundle admits a non-trivial section, by Theorem 7.1 in [16], we
have
λm − λ′ ≥ 0.
This is nothing but the desired inequality µ(F) ≤ µ(E). This proves that E is ω-semi-stable. 
Remark 3.6. How to prove that a Finsler-Einstein vector bundle is semi-stable without the
extra assumption seems a difficult problem. One may follow the method of Kobayashi in Chap.
V in [18]. However, this approach meets a difficult extension problem. On the other hand, how
to equip ∧mE with Finsler metrics from the one on E turns out to be also a difficult question.
Let E be a holomorphic vector bundle over closed Ka¨hler manifold (M,ω) with an Hermitian-
Einstein metric h. Then one has the following Kobayashi-Lu¨bke inequality (cf. [18], [19]), i.e.∫
M
(
(r − 1)c1(E, h)2 − 2rc2(E, h)
) ∧ ωn−2 ≤ 0,
where ω is the Ka¨hler form on M , the equality holds if and only if (E, h) is projectively flat
(i.e., Ri
jαβ¯
= (1/r)δijRαβ¯, (cf. [18], page 7)).
In [9], S. Diverio proved an inequality for Segre forms of Hermitian-Einstein vector bundles,
from which the Kobayashi-Lu¨bke inequality follows by considering the Hermtian-Einstein vector
bundle (E ⊗E∗, h⊗ h¯−1). In the Finsler-Einstein case, we have
Theorem 3.7. If (E,G) is a Finsler-Einstein vector bundle respect to ω , then
s2(E,G) ∧ ωn−2 ≤ r(r + 1)
8π2n2
λ2ωn on M.(3.18)
Moreover, the equality holds if and only if Ψ = λnω.
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Proof. From (2.15), one has
s2(E,G) ∧ ωn−2 = r(r + 1)
8π2
∫
P (E)/M
Ψ2ωr−1FS ∧ ωn−2
=
r(r + 1)
8π2n(n− 1)
[∫
P (E)/M
((trωΨ)
2 − trωΨ2)ωr−1FS
]
ωn
≤ r(r + 1)
8π2n(n− 1)
[∫
P (E)/M
((trωΨ)
2 − 1
n
(trωΨ)
2)ωr−1FS
]
ωn
=
r(r + 1)
8π2n2
λ2ωn,
(3.19)
where trωΨ
2 is defined as
trωΨ
2 := (Kij¯αβ¯
viv¯j
G
)(Kkl¯γδ¯
vkv¯l
G
)gαδ¯gγβ¯ .(3.20)
Moreover, ntrωΨ
2 = (trωΨ)
2 if and only if
Kij¯αβ¯
viv¯j
G
=
λ
n
gαβ¯ ,
that is, Ψ = λnω. The proof is completed. 
Note that Deverio’s trick fails to give the Kobayashi-Lu¨bke inequality in Finsler-Einstein
case, since it is very hard to construct an easily handled Finsler metric on E∗ from the one on
E. So we will give a direct proof of the following theorem
Theorem 3.8. If G is a Finsler-Einstein metric, then
((r − 1)C1(E,G)2 − 2rC2(E,G)) ∧ ωn−2 ≤ 0
at every point of M . The equality holds if and only if Ψ = 2pir C1(E,G).
Proof. From (2.16), a direct computation implies that
((r − 1)C1(E,G)2 − 2rC2(E,G)) ∧ ωn−2
=
r + 1
n(n− 1)ω
n ∧
[
trωs1(E,G)
2 −
∫
P (E)/M
(trω(
r
2π
Ψ)2 ∧ ωr−1FS )
]
.
(3.21)
Set (ψij¯) =
r
2piΨ. Since the equality (3.21) holds pointwise, we can do computations in a normal
coordinate system near x ∈M with gαβ¯ = δαβ and we have
trωs1(E,G)
2 −
∫
P (E)/M
(trω(
r
2π
Ψ)2 ∧ ωr−1FS )
=
∑
i,j
∫
P (E)/M
(ψij¯ω
r−1
FS )
∫
P (E)/M
(ψij¯ω
r−1
FS )−
∫
P (E)/M
(
∑
ij
|ψij¯ |2ωr−1FS )
≤ (
∫
P (E)/M
(|ψij¯ |ωr−1FS ))2 −
∫
P (E)/M
(|ψij¯ |2ωr−1FS ) ≤ 0,
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moreover, the equality holds if and only if (ψij¯) is constant along the fiber. By (3.5), this s
equivalent to
Ψ =
2π
r
C1(E,G).

From the above Kobayashi-Lu¨bke inequality we have
Corollary 3.9. Let (E,G) → (M,ω) be a Finsler-Einstein vector bundle with respect to ω.
Assume that ω is closed and dimM = 2, rank(E) ≥ 2. Then c2(E,G) is a positive (2, 2)-form
if G is of the positive or the negative Kobayashi curvature.
Proof. Under the assumption of this corollary, we know that C1(E,G) is a positive or negative
(1, 1)-form by Theorem 2.8. So C1(E,G)2 is a positive (2, 2)-form. Now the above Kobayashi-
Lu¨bke inequality implies that
C2(E,G) ≥ 2r
r − 1C1(E,G)
2 > 0.

4. Finsler flat vector bundles
An Hermitian metric h on E is flat if its Chern curvature vanishes. In this section, we
introduce a definition of a flat Finsler metric which generalizes the flat Hermitian metric to
the Finsler case. Moreover, by using a result of Berndtsson [4], we prove that a holomorphic
vector bundle is Finsler flat if and only if it is Hermitian flat.
We make the following definition of a flat Finsler metric:
Definition 4.1. A strongly pseudo-convex Finsler metric G on a holomorphic vector bundle
E is said to be flat if its Kobayashi curvature Ψ vanishes. A holomorphic vector bundle E is
called Finsler flat if it admits a flat Finsler metric.
In local coordinates, this means Ψ = Kij¯αβ¯
viv¯j
G dz
α ∧ dz¯β = 0. In [2], Aikou also introduced
a definition of the flatness of a Finsler metric G. His definition actually requires that all
Kij¯αβ¯ = 0. Clearly, Aikou’s definition is stronger than ours.
Let π : E → M be a holomorphic vector bundle over a closed complex manifold M . It
is known that the direct image {H0(P (Ez),OP (Ez)(1))|z ∈ M} → M of OP (E)(1) can be
identified naturally with the dual bundle E∗, that is, for any z ∈M , any vector u ∈ E∗z can be
viewed as a holomorphic section of the bundle OP (Ez)(1)→ P (Ez).
From this point-view and following Berndtsson [4], E∗ can be equipped with the following
L2-metric h
hz(u) :=
∫
P (Ez)
|u|2e−φωφr−1, z ∈M,(4.1)
where u ∈ E∗z ≡ H0(P (Ez),OP (Ez)(1)), which can be viewed as a holomorphic section of
OP (Ez)(1); and φ = logG, ωφ =
√−1∂v∂¯vφ, ωφr−1 = ω
r−1
(r−1)! .
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Let ∇ denote the Chern connection on (E∗, ‖ • ‖) associated to the metric h on E∗ and let
ΘE
∗
be the curvature of the connection ∇. As a special case of Theorem 3.1 in [4], we have
√−1〈ΘE∗u, u〉 ≤ 1
(r − 1)!
∫
P (E)/M
(
|u|2e−φ(ωφ)r
)
.(4.2)
Actually, we can prove (4.2) only for holomorphic sections u of E∗ with ∇′u = 0 at any given
point z. Note that ∇ = ∇′ + ∂¯, one has
√−1〈ΘE∗u, u〉z = −(
√−1∂∂¯‖u‖2)z
= −
∫
P (E)/M
(
√−1∂φu ∧ ∂φu ∧ ωφr−1e−φ) +
∫
P (E)/M
(|u|2ωφ ∧ ωφr−1e−φ)
≤ 1
(r − 1)!
∫
P (E)/M
|u|2e−φ(ωφ)r.
(4.3)
where ∂φ = eφ∂e−φ.
Now we have the following theorem
Theorem 4.2. If E is a holomorphic vector bundle over a closed complex manifold M , then
E admits a flat Finsler metric G if and only if it admits a flat Hermitian structure.
Proof. A flat Hermitiant metric is obviously a flat Finsler metric. For any flat Finsler metric
on E, one has the Kobayashi curvature Ψ =
√−1Kij¯αβ¯ v
iv¯j
G dz
α ∧ dz¯β = 0. So
C1(E,G) = −
∫
P (E)/M
c1(OP (E)(1), hG)r =
r
2π
∫
P (E)/M
Ψ ∧ ωr−1FS = 0.(4.4)
On the other hand, by (4.3) one has
√−1〈ΘE∗u, u〉z ≤ −r
∫
P (Ez)
|u|2Kij¯αβ¯
viv¯j
G
e−φωr−1dz
α ∧ dz¯β = 0.(4.5)
So (E, h∗) is Griffiths semi-positive, where h∗ is the dual L2-metric on E. Let R denote the
Chern curvature of the metric h∗. Thus one has
c1(E, h
∗) =
√−1
2π
Tr(R) ≥ 0,(4.6)
Combining (4.4) and (4.6), one gets
c1(E, h
∗) =
√−1∂∂¯φ ≥ 0.(4.7)
Now from (4.7) and note that the manifold is closed, we know that the function φ is constant.
So we get c1(E, h
∗) = 0. Again since h∗ is Griffith semi-positive, the holomorphic bisectional
curvature of h∗ is zero and the Chern connection of h∗ is flat.

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